
Exercise L.4. Let g e Cf (lR) and / r lR -' IR. be an absolutely continuous function with
compact support and p x / be the convoiution of p axd f ;

v * f  @ ) , :  I p @ - d f  ( u ) d y .
Jn

(a) Show # tv * f) (r) : (p' * f) (r) for all .c € IR.
(b) Show (p'* f) ("): @" l') (r) for all r € R,.
(c) Expiain why there ocists f" e Cy (lR) such that

Exercise 1.5. Suppose that {/"}:, c L3 (p) such that lim,,**fxf.pdp e]dstsin C for
all p € t3/2 (t ). Show M :: sup ll/"llr'k) ( @.

Exerc ise  L .6 .  Suppose/ :X+ [ -1 ,1 ]  i sameasurab le f i rnc t ionand ?r [ -1 ,1 ]  + lR isa

bor:nded Borel measurabie function. Show:

(a) l lMr"rl ltgrlull < l lpll" :: suppt<r le@)lwhere l lMe"il ls&zgi): sup1n1"z,u,=rllM*thll",ul

is the operator norm of Meoy.

(b) Suppose gn: [-1,1] + lR are bounded Borel measurable fiurctions converging bound-
edly to g, tben, for all h e L2 (p,),

L' (p)-R Me_oyh : M,oth.

(c) Show by exa.mple that it is possible that lirr,,-oo llMr-"tlla<n,il # 0 even though
gn + 0 boundedly.

Exercise L.7. Let f ,g t X * [-1,1] be measurable functions and 7 : L2 (X, p) - L'(X,p)
be a unitary map such that UMyU-r - Mn. Let ?{ denote the coliection of bounded Borel
measnrable functions, g : [-L,lJ * R, such that UMeoyU-t : M,oe.Show:

(^) p e 7t if p (r) : tL, anrn is a polynomial with a? € R.
(b) Show C ([-L, t] , lR) c 71.

(c) Show ?/ contains all bounded real measurable functions.

I{ints: 1. The results of Exercise 1.6 are usefirl. 2. For (a) show g@t): Mpo!.3. tlor
(c), notice tlwt UMeofU-t : Meon ifr

UMeoTU-Lh: M,osh for all h e L'(ti .

4. You do not have to prove (b) if you can prove (e).


