Exercise 1.4. Let ¢ € C*(R) and f : R — R be an absolutely continuous function with
compact support and ¢ * f be the convolution of ¢ and f;

¢ * f(z) r=/Rso(:c—y)f(y)dy-

(a) Show 2 (¢ * f)(z) = (¢'* f) (z) for all z € R.
(b) Show (¢’ * f)(z) = (p* f') (z) for all z € R.
(c) Explain why there exists f, € C> (R) such that

nli—>120 “fn - f”Loc(R,m) =0= nlggo ”f’ - fvlz”LI(R,m) :

Exercise 1.5. Suppose that {fn},-, C L?(u) such that lim, . [ fnpdu exists in C for
all p € L¥? (u) . Show M :=sup || fall 5,y < oo

Exercise 1.6. Suppose f : X — [-1,1] is a measurable function and ¢ : [-1,1] = R is a
bounded Borel measurable function. Show:
(a) ”Msoof”B(Lz(,L)) <llel, = SUp|z<1 |l (z)| where ”Msaof“B(Lz(u)) = SUP|ia|| 2(,,=1 ”Mwofh”y(p)
is the operator norm of M;.
(b) Suppose ¢y, : [—1,1] — R are bounded Borel measurable functions converging bound-

edly to ¢, then, for all h € L? (u),
L*(u)- im M, orh = Myosh.
(c) Show by example that it is possible that limn—co [|[Mi,ofll (12, 7 O even though
wn — 0 boundedly.

Exercise 1.7. Let f,g: X — [—1,1] be measurable functions and U : L? (X, ) — L? (X, p)
be a unitary map such that UM;U~! = M,. Let H denote the collection of bounded Borel
measurable functions, ¢ : [-1,1] — R, such that UM o;U~! = M0, Show:
(a) pe Hif p(z) = Zﬁ:o a,z" is a polynomial with a, € R.
(b) Show C ([-1,1],R) C H.
(c) Show H contains all bounded real measurable functions.
Hints: 1. The results of Exercise 1.6 are useful. 2. For (a) show ¢ (M;) = Myos. 3. For
(c), notice that UMyo; U™t = M, iff
UMogU™"h = M pogh for all h € L? (1) .

. 4. You do not have to prove (b) if you can prove (c).



