
1. Ane,r,vsrs Quar,myrNc Extu, Spnruc 2004

Instructions: Clearly explain and ju^stify your en.qwers. You may cite theorems from
tortbools or that were proved in class as long as they are not what the problerr ocplicitly
asls you to prove. You may also use the results of prior problerns or prior parts of the
sarne problem when solving a problem - this is allowed even if you were unabie to prove the
previous results. Make sure to state the results that you are using and be sure to ve,rify their
hypotheses. All problems have equal value.

Notation: Let rn denote Lebesgue mea.sure on (IR,BR) a"td (X,M,pl) denote a finite
measurespace. Alsoforaboundedmeasurablefirnction, f , X * C, letM7, L'(p) - L2(p)
denote the multiplication operator, Myh :: f h for all h €. L'(tt) .

Exercise 1.1. In this problem (X, ll-ll) is an infinite dimensional normed space. Determine
which of the following statements are true. Fbr the true statements give a brief reason and
for the false statements $ve a counter sxernple.

(") If A: IR \ ^E and rn(E):0, then.4 - IR.

(b) Every rn - null set E € BR is nowhere dense in lR.

(c) Every proper subspace E C X is novrhere dense,
(d) If E is a subspace of X with non-empty interior, then E : X.

Exercise
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Compute the values of the following two enpression^s. (You must justify yoru
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NJ,e-2,ffir2n*dr

l,* (1,* n2e-"sin (*') "-o'd.) d,y.

You may find the following integration formula usefirl;
r 1
I "-"" sinx dn: -+e-* fcos s * osinr] + C.
I  a ' + L  I

Exercise 1.3. Suppose that {""}7, is an orthonormal subset of Hilbert space, I/, and ̂ 9
is a dense subset of H. Show {rr,r}3, is an orthonormal basis for f/ if

n|.filL: 
I 

lTlu,)l' for all f € ̂ s.(1 .1 )


