1. ANALYSIS QUALIFYING ExXAM, SPRING 2004

‘ Instructions: Clearly explain and justify your answers. You may cite theorems from
textbooks or that were proved in class as long as they are not what the problem explicitly
asks you to prove. You may also use the results of prior problems or prior parts of the
same problem when solving a problem — this is allowed even if you were unable to prove the
previous results. Make sure to state the results that you are using and be sure to verify their
hypotheses. All problems have equal value.

Notation: Let m denote Lebesgue measure on (R, Bg) and (X, M, u) denote a finite
measure space. Also for a bounded measurable function, f : X — C, let My : L? (u) — L? (u)
denote the multiplication operator, Msh := fh for all h € L*(p).

Exercise 1.1. In this problem (X, [|-||) is an infinite dimensional normed space. Determine
which of the following statements are true. For the true statements give a brief reason and
for the false statements give a counter example.
(a) HA=R\ E and m(E) =0, then A = R.
(b) Every m — null set E € Bg is nowhere dense in R.
(c) Every proper subspace E C X is nowhere dense.
‘ (d) I E is a subspace of X with non-empty interior, then F = X.

Exercise 1.2. Compute the values of the following two expressions. (You must justify your

answers. ).
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You may find the following integration formula useful;

(b)
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Exercise 1.3. Suppose that {u,} -, is an orthonormal subset of Hilbert space, H, and S

is a dense subset of H. Show {u,}.-  is an orthonormal basis for H if

(11) 71 = S ()P for all £ € 5.
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