2 (4) Suppose T : L*([0,1)) — L3([0,1]) is an everywhere defined (but not necessarily
‘ bounded) linear operator. If there exists C, < oo such that |Tf|l, < Co||f||, for
all f € L*([0,1]), then show T : L?([0,1])) — L3([0,1]) is bounded, i.e. there exists
Cs < oo such that ||Tf|l; < C|f]|, for all € L*([0,1]).
Hint: T : L*(]0,1]) — L5(]0, 1]) is everywhere defined.

(5) For f € C.((—1,1)), let f(€) be the Fourier transform of f defined by

z)e " dr = f(z)e =tdx

- 1
f(€) = Wor (—m)f( .

and let
c={reci-rm): s+ [H]io]e <1}

(a) Show C C C}(-1,1).

(b) Show C is a precompact subset of C([—1, 1]).

Remark. In this problem we are identifying f € C.((—1,1)) with elements of
C([-1,1]) by defining f(£1) = 0. Similarly you may wish to view f € C;((-1,1)) as
a function on R by setting f(z) =0 if |z| > 1.

(6) Let Ax be a sequence of real n x n invertible matrices such that Ay — I as k — oo

‘ and f € L3(R"™,m).

(a) Compute ||f o Ag||; in terms of || f||, and use this to show there exists a constant

C < oo such that
|f o Akll < C||fll; for all f € L3(R™, m) and k =1,2,3,....
(b) Under the additional assumption that f € C.(R™) show
lim [[f o A — flly=0.
(c) Now show limy_,o ||f © Ak — f|l; = 0 for all f € L3(R", m).

(7) If u be a complex measure on B|_r/2 /2 such that

/ sin"(z)du=0forn=1,2,....
[-7/2,7/2]

then u = p ([-7/2,7/2]) 6o where &y is the Dirac measure at 0, i.e. §(A) := 14(0)
for all A € Bj_r/2x/2). Hint: Consider the measure v := p — p ([—7/2,7/2]) bo.




