
1. ANarvsm QuelrFyrNc Ex.e.u, SpnlNc 2002

Notation: Throughout this test, B denotes the Borel a - algebra on IR or IR', B1o,a1
is the Borel o - algebra on fa,bl, m denotes Lebesgue mea.sure on 6 and C([a,b]) is the
Banach space of continuous functions on [o, b] equipped with the supremum norm. Also
U([o,b]) : t]([o,b],Bp,u1,rn) and ,o(R",) : trP(]R", Bp^,rn) equipped with the usual -[/ -
nornls.

Instructions: Clearly explain and justify your e.ns\pers. You may cite theorerns from
textboola or that were proved in class as long as they are not what the problem explicitly
aslis you to prove. Make sure to state the results that you are using and be sure to verify
their hypotheses. All problems have equal value.

(1) In each ca.se below find caJculations:
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(2) Let f. : IR -) R

, t (R ,m)  and c

such that l im",*"" ;[* lg(r) f"(r)ldr: 0.

(") Show that f (") = lim,,-, * fn(") exists for all r

(b) Show that f is absolutely continuous and f 
'(r)

Hint: As usual, integration can be used to prove

be a sequence of absolutely continuous functions sudr that /i e
limn ** f.(0) exists in lR.. Further assume there exists g e Zl(lR, rn)

€ IR.
: g(") for m-

theorems about differentiation.
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(3) Let H be a separable Hilbert space, {".}7, be an orthonormal basis for fI and

{un}3, be an orthonormal subset of H such that 6n €n - ?trn satisfies

( 1 . 1 )  f  l l a " l l ' : a < t .
n: l

Show {""}7, is also an orthonormal basis for 11.

Hint: For r € ff such that (r, u,.) :0 for all n, use the given assumptions to
estimate II"il' .


