
(4) Suppose that A, B : H -, H axe everJrwhere defined (but not necessa.rily bounded)

iinear operators. Show that if .4 and B satisfy the algebraic relation,

(Ar,il : @, By) for all r,g € H,

then A and B a.re necessarily bounded. Hint: A, B : H -> H are ever5rwhere

defined.

(5) Let H be a separable Hilberb space, K : H -> H be a bounded linear operator,

{",}Pfl, and {u,"}ff=,. be an orihonormal bases for H. Show:

(u) IL, llK""ll': XL, llK.r,,ll'allowing for the possibility that the surns a,re
infinite.

(b) Use part (a) to concludellKll|s ': ILr llK""ll' is independent of the choice

of orthonormal basis {u"}"-T-, a,nd use this to show

lll{ll"
(.) Assr:me llKllLt

llK - Kx1ll* -) 0 as // -, oc.
ff:, (Kr,,r�-n)"n

1 )

for all r € H. Show

(6) I€t X be a Banach space and B,: {" e X : ll"ll < i}.

(a) Suppose G and {G"}7, are subsets of X such that Gn is compact for each n

and

5n :: sup {distance(r , Gn) :

Conclude G is also a compact subset

(b) An operator I{ : X -) X is said to

in X. If Kn : X *) X axe comp act

operator such that IIK * Knll"o -+ 0

r € G l J 0 a s n - > o o

of X. (Hint: Show G is totally bor:nded.)

be compact if G :- K (B) is precompact

operators and K : X -| X is a bounded

as n -) oo, then If is a compact operator.


