QUALIFYING EXAM: APPLIED ALGEBRA Spring 2007

Try to do as many problems as possible, preferrably with at least two problems from each
group. The grading will be rescaled so that it will make up 60% of the complete score of
the exam.

1.

Part I: Representation Theory

(a) Let H be generated by a and b with the relations a® = 1 = b and ab = ba. i.e.
H=>=7Z/3 x2Z/3. Write down all irreducible representations of H.

Let now G be the group generated by a, b, ¢, with relations as in (a) as well as with
¢ =T and ca’de™! = a*b**7. You can assume that G has order 27.

(b) Calculate the matrices of the generators a. b and ¢ in the representation W induced
by a given irreducible representation V" of H. Determine for which V' all elements of
H act via multiples of the identity matrix on W. Show directly that in this case the
induced representation is reducible.

(¢) Determine all irreducible representations of G.

2 31
. Let B be the matrix given by B= | 1 1 1|, and let V = C3 be an irreducible
’ 27 0 3

G-module for a finite group G, with ¢ € G acting via the matrix 45 on V. Let
-1

C = Wzg AgBA;".

(a) Calculate Tr(C'). where Tr is the usual trace.

(b) Calculate C.

Let G be a finite group, and let p = > ayg be a minimal idempotent in the simple
component of CG labeled by A. Let dy be the dimension of a siinple G-module on
which py acts nonzero.

(a) What is the dimension of the space pCS,? What is Xreq(p)., where x,..q is the
character of the left-regular representation. ’

(b) Calculate the coefficient ;.

II. Symmetric Groups and Symmetric Functions

(a) Expand the product of S( ‘hur functions saspp2) into a linear combination of Sc hlll
tunctions for all Young diagrams A with three boxes.

(b) Decompose the simple Ss-module V3 g into a direct sum of simple S3 x Sy-modules.
with S3 permuting the letters {1.2,3} and Sy permuting the letters {4.5}.

(¢) Determine the decomposition of Vi34 as a direct sum of simple Sz-modules and
give the structure (i.e. decomposition into simple matrix algebras) of the commutant.
of the S3 action on V3 o).




