
(6) (30 pts.) Let (,4, +,') be a commutative ring with identity I and let ( be a linear order on .4 such that
for all a,b,x in A

( I )  o c b + o * c c b * c a n d

( I I )  a  <  b , 0  <  x +  a ' r  1 . b - r .

(a) Prove that (4, *, .) is an integral domain.

(b) Let A+ = {o € A:0 < a}. Prove the following:

(i) ,4+ is closed under multiplication and addition.

(ii) If a € A, the'' ecactly one of the following holds: a € A+,-o€ A+,a = 0.

(iii) I e A+.

(7) (40 pts.)

Consider the equations

s2 + 3y'

s2 -  xy +Zyt

(a) Let f be the ideal of C[",y] generated by these equations. Find the Groebner basis for f relative to
lexicographic order where s > g.

(b) Find a Groebner basis for C[r]n /.

(c) Find all solutions to these equations that lie C2.

(d) Find a vector space basis for C�fo,gll I.

(8) (40 pts.) Consider the matrix

A- (  ;  - l  )
(a) Show that .4 generates a cyclic goup of G of order 4.

(b) Find the llilbert series of C[r,ylc.

(c) Show that C([c,y]a is Cohm-Macaulay by explictly fioding generators and separators for C;It,ylG
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