
Question 3.2. Consider the Z-algebra R::Z[Xll(zX +I).

(a) Show that there is a ring isomorphism R = S-rZ,where ,5 is the multiplica-
tively closed subset of Z consisting of all the non-negative integral powers of 2,
i . e .  , S  : :  { L , 2 , 2 2 , 2 t ,  ,  .  , } .

(b) Is R a flat Z-module? Justify your answer.

(c) Is ,R a projectiveZ-module? Justify your answer.

(d) Is .R an injectiveV,-modttle? Justify your answer.

Quest ion 3.3. Let n: :Z[f i } ] :  {a* b\/ f r  |  a,beZ},  v iewed as a subring of
the field of complex numbers with the usual operations.

(a) Show that the group of units ftx of R is infinite.

(b) Show that the element 2 is irreducible in rR.

(c) Show that the element 2 is not prime in R.

(d) Show that every element in R can be written as a product of irreducible ele-
ments.

(e) Is ft a unique factorization domain? Justify your answer.

Hint. Recall that there is a multiplicative norm map l{ : Zltffi) , Z, given by
N(a * b/m) : a2 * 10b2, for al1 a, b e Z.

4. Field Theory and Galois Theory

Question 4.1. Find the splitting fields and Galois groups of the following polyno-
mials over Q, You should state clearly results that you use.

(.)  ("2 + 3)(r3 -  5).

(b) ("2 -  s)(u3 - z).

( c )  i l s  -  2 .

( d )  " t  + 2 r 2  + r .


